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A method is proposed for calculating the thermal resistances of shells 
of various configurations with allowance for the temperature depen- 
dence of the thermal conductivity of the material. Approximate for- 
mulas are presented for the thermal resistances of shells in the form 
of infinite prisms and parallelepipeds. 

The  o n e - d i m e n s i o n a l  hea t  f lux th rough  a c l o s e d  
she l l  

P = - (t)  s (x) .  
~ X  

We r e d u c e  this  e x p r e s s i o n  to the f o r m  

Pdx 
- ~ ( t )  dt 

S (x) 

and i n t e g r a t e  it  o v e r  the t h i c k n e s s  of the w a l l  f r o m  

x =  ll  t o x  = 12: 
t t  12 

dx (i) 
; )~(t)dt = P.i" S(x) " 
t2 l~ 

We def ine  the  t h e r m a l  r e s i s t a n c e  of the she l l  as  

lz 

R tl-- t2 1 t" dx (3) 
P )~. S(x) 

& 

and find the c o r r e s p o n d i n g  e x p r e s s i o n s  fo r  an inf in i te  

t 

y 

It is a s s u m e d  tha t  the  hea t  f lux r e m a i n s  unchanged  in 
p a s s i n g  th rough  the  s h e l l ,  i . e . ,  t h e r e  a r e  no add i t iona l  
e n e r g y  s o u r c e s  o r  s inks  a long  i ts  path.  We apply  the 
m e a n  va lue  t h e o r e m  to the  le f t  s ide  of (1): 

t~ 

S ~ dt = ~, ( ~ ) )  ( t  1 - -  t ,~),  ti ~ O-~ t2. 

a 
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Fig .  1. H e a t  f low l ines  and i s o t h e r m a l  s u r f a c e s  
of p r i s m a t i c  she l l :  a) ac tua l  p a t t e r n ;  b) s c h e m a -  
t i z e d  p a t t e r n ;  c) c o m p l e t e  s h e l l ;  d) p a r t  of she l l .  

Hence 
l l  

~ ~dt 
~(e)  =- ~ = t ,  - - .  

t i - -  t~ 
(2) 

Fig .  2. Shel l  in the  f o r m  of a p a r a l l e l e p i p e d .  

p lane  wal l ,  and inf in i te  c y l i n d e r  and a s p h e r e .  The  
a r e a s  of the i s o t h e r m a l  s u r f a e e s  a r e  r e s p e c t i v e l y  

S~=LiL2, SL=2rtxL,  Ssp=4nx 2, 

w h e r e  L 1 and L 2 a r e  the  l eng th  and width of the  p lane  
wal l ,  and L the l eng th  of the  c y l i n d r i c a l  wal l .  

Subs t i tu t ing  the e x p r e s s i o n  fo r  S in (3) and in t eg -  
r a t i ng ,  we obta in  the known f o r m u l a s  

ls - -  li 1 In I s ,  Rp 
L1L~ ' RoY= 2 ~  L ll 

- " (4) 

We wi l l  f ind the  t h e r m a l  r e s i s t a n c e  of a she l l  i n  
the f o r m  of an inf in i te  p r i s m  of r e c t a n g u l a r  c r o s s  s e c -  
t ion.  F i g u r e  1 shows the c r o s s  s e c t i o n  of an inf in i te  
p r i s m  con ta in ing  a s econd  inf in i te  p r i s m .  We a s s u m e  
t h a t t h e  s u r f a c e s  of  the  p r i s m s  a r e  i s o t h e r m a l  s u r f a c e s  
wi th  t e m p e r a t u r e s  t i and t 2, and that  the  m e a n  t h e r m a l  
conduc t iv i t y  of the wal l  m a t e r i a l  is equal  to ~ .  C a l c u -  
l a t ing  the  t h e r m a l  r e s i s t a n c e  of such  a she l l  is  a r a t h e r  
c o m p l i c a t e d  p r o b l e m ,  s i n c e  the  hea t  f lux is not  o n e -  
d i m e n s i o n a l .  E x a c t  a n a l y t i c  m e t h o d s  would  l ead  to 
c l u m s y  e x p r e s s i o n s ;  a c c o r d i n g l y ,  i t  is  d e s i r a b l e  to 
c o n s i d e r  an a p p r o x i m a t e  so lu t ion .  W h e r e a s  the  e x -  
t r e m e  i s o t h e r m a l  s u r f a c e s  a r e  p r i s m a t i c ,  the  i n t e r -  
m e d i a t e  ones  have  a m o r e  c o m p l i c a t e d  conf igura t ion :  
t h e i r  c o r n e r s  a r e  rounded ,  as  shown in F ig .  l a .  We 
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connect the edges of the inner  and outer p r i s m s  with 
plane surfaces  (Fig. lb) and consider  the nature  of the 
heat flow l ines in their  neighborhood. In the f i r s t  ap- 
proximat ion it may be a s sumed  that the heat flow l ines  
do not in te r sec t  these sur faces ,  i . e . ,  they may be as -  
sumed adiabatic.  The p r i sma t i c  shell was found to be 
divided into four par ts ,  each of which can be cons idered  
separate ly .  We also assume that, without much loss of 
accuracy,  the in termedia te  i so thermal  surfaces  can be 
regarded as plane and para l le l  to the edges of the p r i sm,  
as shown in Fig. lb .  A compar i son  of Figs.  l a  and lb 
leads to the conclusion that there  is l i t t le difference 
between the actual process  and the model.  Thus,  the 
problem reduces  to de t e rmin ing the  thermal  r e s i s t ances  
of the individual par ts  of the p r i sma t i c  shell ,  one of 
which is r ep resen ted  in Fig. ld.  The total the rmal  r e -  
s i s tance  of the p r i sma t i c  shel l  consis ts  of the four 
para l le l -connec ted  thermal  r e s i s t ances  of the par ts  of 
the shell .  In the bodies obtained by the method indi -  
cated the heat flux is one-d imens iona l ,  and there are  no 
heat sources  or s inks;  therefore  to de te rmine  the the r -  
mal  r e s i s t ance  it is possible  to apply Eq. (3). We de-  
note the s ides of the outer and inner  rec tangles  by Lx, 
Ly, and /x ,  /y, and the th icknesses  of the walls of the 
p r i smat i c  shell  by 6ix, 62x, 61y, 62y; we introduce the 
var iable  coordinates  x~, x 2, Yl, Y2 in each par t  of the 
p r i smat ic  wall (Fig. le) .  We will consider  the lef t-  
hand par t  of the shell  and denote the height of the plane 
i so thermal  sur face  at d is tance x 1 from the inner  wall 
by /yl(Xt); here  the subscr ip t  y indicates that the s u r -  
face is pa ra l l e l  to the y -ax i s .  If the length of the p r i s m  
is L, then the a rea  of the i so thermal  surface  is equal 
to L/y. S imi la r  notation has been introduced for the in-  
t e rmedia te  i so the rmal  sur faces  of the other parts  of 
the shell  (Fig. lc).  

It follows f rom Fig. l e  and Fig. ld  that 

L u - -  lu 0 -~ xl -~ 6x,, 

L u - -  ly 

L~ ~ l~ 

Substituting these express ions  for the i so thermal  
surfaces in (3) and integrat ing,  we obtain express ions  
for the the rmal  r e s i s t ances .  For  example,  for the 
surface  Llyl(X) we obtain 

i So dxl = 1 
Ry~ ~ -  ly -k xl (Lg - -  ly) 6x, 

L u 

(5) 
~ L ( L  u - -  lu) 

It is possible  to wri te  a genera l ized  express ion  for the 
i so thermal  sur face  

Ll~ i (ei) = (l~ -4- e~ Ln - -  l~ ] L (6) 
6~ t J 

and the the rmal  r e s i s t a n c e  R~i: 

69 In Ln-  (7) 
R~'i = ~L (L~ - -  In) l 0 

In (6) and (7) the p a r a m e t e r s  e, ~/, and i have the 
following values: 

~1 = x ,  y, e = y ,  x, ~=/=~1, i =  1 or 2. (8) 

Using (7) and (8), we wri te  express ions  for the 
thermal  r e s i s t ances  of each of the four par ts  of the 
shell  and add their  rec ip roca l  values (para l le l  con- 
nection). As a r e su l t  we obtain an express ion  for the 
thermal  r e s i s t ance  of the en t i re  p r i sma t i c  shell .  The 
rec ip roca l  of R, i . e . ,  the t he rma l  conductance cr of 
the p r i sma t i c  shell ,  has the form 

a = ~ L (L x - -  l~) (Lu - -  ly) !x 

x( ~ L +  1 ) . (9) 
6u,a a In ~ 6x<ax~ In L y 

lg 

If the th icknesses  of all the par ts  of the p r i sma t i c  
shell  a re  the same and equal to 6, f rom (9) we obtain 

a = 4~L ( 1 1 (10) 
lnL~ + jnL~ \ 

Ix ly 

K, moreover ,  both p r i s m s  a re  square  m cross  sec -  
tion, we find that 

8~L 
a lnLx (11) 

l 

We will employ the method proposed for p r i sma t i c  
shells  to de te rmine  the the rmal  r e s i s t a n c e  of a shell  
in the form of a paral le lepiped.  For  this purpose we 
connect with plane sur faces  the opposite edges of the 
inner  and outer para l le lepipeds  (Fig. 2). Because of 
the na ture  of the heat s t r e a m l i n e s ,  in f i r s t  approxima-  
tion the sur faces  introduced can be assumed adiabatic;  
then the para l le lepiped is divided into six t runcated 
pyramids ,  whose thermal  r e s i s t a nc e s  can be consi-  
dered separate ly .  

We will find an analyt ic  express ion  for the a rea  of 
the in te rmedia te  rec tangu la r  i so thermal  surface.  For  
this purpose we wri te  the express ions  for the sides of 
the rec tangle  in genera l ized  form (6), 

L8 - -  le l~z (?0 = l~ + ~ - - ,  

L n - -  l~ 
l~ ( ~ )  = I n + ~ - - ,  

6v i 
where 

~' = X, y, Z, 

8 = y, Z, X, 
/ = 1  or  2. 

~l = Z, X, y, 

The in te rmedia te  i so thermal  sur face  has the form of a 
rectangle .  Therefore  
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S ('~i) = l~i (Yi) l~ i (Yi)" (12) 

Substi tuting the value of the a rea  S(Ti) in (3) and in te-  
grat ing,  we obtain a general  express ion  for the the rmal  
r e s i s t ance  RTi of one par t  of the shell: 

%i d 8viln Lnle 
1 f ~?~ L J  n 

RYe= T ,1 S--(~i) )~(L~Is--LJ,O" (13) 
0 

The rec iproca l  of the the rmal  r e s i s t a n c e  ~7i = (RTi)-I 
is the thermal  conductance of one of the six par t s  of 
the shell .  Adding the the rmal  conductances of all  the 
parts  of the shell ,  for the the rmal  conductance ~ of a 
shell in the form of a para l le lepiped we obtain 

,~ _ ( L ~ I ~ _ ~  Lu l l )  (L  x - -  I~) 4-  

6x~Sx, In Lzlu 
Lyl~ 

+ (L~l~--L~t~)(Lu-- ly f )+ (LuI,~--L~ly)(L~-l~) (14) 

8ufiy , ln- L~I~ 8z:6~ In LUl~ 
L~l~ L flu 

The geometr ic  p a r a m e t e r s  in (14) are  indicated in 
Fig. 2. 

If the th icknesses  of all  six wails of the shell  are  
the same,  then 

6~ i = 6u~ = 6~ z = 6, 

L~- - l~  = L u - I  u = L~--I  z = 26 

and (14) takes the s imple r  form 

~6 _ L~ly - -  Ly l~ 4- L,~l~ - -  L~l~, + Lyl~ - -  L,~lu. (15) 

2~ In L~lu In _L~l~ In Lut~ 
Lyl z L~ l x LxIy 

If it is a ssumed  that both para l le lepipeds  have the 
form of a cube and that the wall th icknesses  of the 
cubic shel l  a re  the same,  Eq. (15) takes the form 

6Ll - 
= ~. .  (16) 

6 

We will compare  (16) with the the rmal  conductance 
of a spher ica l  shel l  whose value is eas i ly  obtained from 
(4): 

1 6.28 Ll-~, (17) O'sp~ " ~ -  
�9 , sv 6 

where 

L=12, l = l l ,  (12--11)=28. 

The values of ~ calculated f rom (16) and (17) differ 
by less  than 5%. 

Equations (9) and (14) for the the rmal  r e s i s t a n c e s  of 
shells  in the form of a p r i s m  and a para l le lepiped can 

also be used if the thermal conductivities of the differ- 

ent walls are not the same. In this case each compo- 

nent of the thermal conductances of the parts of the 

s,~ell must be written with its own value of the thermal 

conductivity coefficient. 
The proposed method can also be applied to shells of 

other configurations. 

In conclusion we note that if the wall thicknesses 
are the same the thermal resistance of shells in the 

form of a parallelepiped can be calculated from the 

formulas proposed in 1913 by Langmuir, Adams, and 
Michael [2]. These formulas were established for var- 

ious special cases on the basis of an approximation of 

the numerical data obtained from experiments on elec- 

trical models, i.e., the formulas may be regarded as 
empirical. It should be noted that the authors did not 

give the accuracy  of these formulas ;  therefore  they 
should be used caut iously.  Nonetheless,  it is of in te res t  
to compare  values of the the rmal  conductance calcu-  
lated f rom (15), (16) and f rom Langmui r ' s  formulas .  
For  a shell  in the form of a cube with 1/6 _> 0.2, we 
obtained the following resul t s :  when 0.2 _< I /6  <- 1.0 
the data of the calculat ions  differ by f rom 0 to 30%, and 
when 1.0 -< I /6  -< 3 by from 30% to 0. For  shells  in the 
form of a para l le lepiped s i m i l a r  resu l t s  were obtained, 
the values of the conductance calculated from the em-  
p i r ica l  formulas  being too low as compared  with those 
calculated f rom (15) and (16). The the rmal  conductances 
calculated for a plane angle f rom (9) and found graph-  
ical ly  differ by not more  than 6%. 

It would be des i rab le  to make a computer  inves t iga-  
t ion of the the rmal  r e s i s t a n c e  of shells  in the form of 
a para l le lepiped and compare the resu l t s  with both the 
approximate analyt ic  re la t ions  and Langmui r ' s  fo rmu-  
las.  

NO TA TION 

P is the heat flux; X is the the rmal  conductivi ty of 
the ma te r i a l  at t empera tu re  t; ~ is the mean thermal  
conductivity; S(x) is the a rea  of the i so thermal  sur face  
at a dis tance x f rom the origin;  R and a are  the the r -  
mal  r e s i s t ance  and the rma l  conductance of shell;  l i 
and L i denote the length of side i of inside and outside 
para l le lepipeds  or p r i s m s .  
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